On the Ky Fan inequality and some of its applications  by Díaz-Barrero, J.L. et al.
Computers and Mathematics with Applications 56 (2008) 2279–2284
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
On the Ky Fan inequality and some of its applications
J.L. Díaz-Barrero ∗, J.J. Egozcue, J. Gibergans-Báguena
Technical University of Barcelona, Department of Applied Mathematics III, Jordi Girona 1-3, C2, 08034 Barcelona, Spain
a r t i c l e i n f o
Article history:
Received 17 September 2007
Received in revised form 22 March 2008
Accepted 25 March 2008
Keywords:
Mean inequalities
Multivariate inequalities
Discrete inequalities
Convex functions
Ky Fan inequality
a b s t r a c t
In this paper, by applying Jensen’s inequality for convex functions, a generalization of the
Ky Fan discrete multivariate inequality is obtained and some of its applications are also
given.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In 1959 Ky Fan [1] posed the following problem: Let f be a measurable function such that 0 < f (x) ≤ 1/2 on [0, 1]. Prove
exp
(∫ 1
0 log f (x)dx
)
∫ 1
0 f (x)dx
≤
exp
(∫ 1
0 log{1− f (x)}dx
)
∫ 1
0 {1− f (x)}dx
.
The proposer’s solution makes use of backward induction and illustrates one of the rare situations where this method is
naturally applicable. In [2], writing the preceding inequality in the equivalent form
log
[∫ 1
0 {1− f (x)}dx∫ 1
0 log f (x)dx
]
≤
∫ 1
0
log
[
1− f (x)
f (x)
]
dx.
Tadeusz Stanisz uses the convexity of the functionϕ(t) = log ( 1−tt ) in (0, 1/2] and applies Jensen’s inequality to give a proof
of the inequality posed by Ky Fan. Later in 1961, Beckenbach and Bellman in ([3], p. 5) presented the following unpublished
result due to Ky Fan. Namely:
Theorem 1 (Ky Fan’s Inequality). Let 0 < ak ≤ 1/2 for k = 1, 2, . . . , n. Then,(
n∏
k=1
ak
)/( n∑
k=1
ak
)n
≤
(
n∏
k=1
(1− ak)
)/( n∑
k=1
(1− ak)
)n
, (1)
with equality only if all the ak are equal.
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In [3] no proofs of (1) are given, and it is suggested to use forward and backward induction to prove it. Proofs of Ky Fan’s
inequality can be found in [4,5] and a generalization due to Levinson in [6]. Other generalizations and refinements can also
be found in [7–9]. In this paper, using convex functions and applying Jensen’s inequality, another generalization of (1) is
presented and some new inequalities similar to the ones given in [10] are also obtained.
2. Main results and some of their applications
Our main result is the following generalization of Ky Fan’s inequality.
Theorem 2. Let bk, 1 ≤ k ≤ n, and α be positive numbers.
(a) If 0 < bk ≤ 1, then 1n
n∑
k=1
bk − α
1+ bk ≥
Mp − α
1+Mp for p ≤ 0,
(b) If 1 ≤ bk, then 1n
n∑
k=1
bk − α
1+ bk ≤
Mp − α
1+Mp for p > 0,
where Mp is the p-mean of b1, b2, . . . , bn defined by Mp =
( 1
n
∑n
k=1 b
p
k
)1/p
for p 6= 0 and M0 =
(∏n
k=1 bk
)1/n
.
To prove the preceding result, the key is to use the convexity of the function f : R → R defined by f (x) = ex−α1+ex (α > 0).
We begin with the following lemma.
Lemma 3. Let bk, 1 ≤ k ≤ n, be real numbers such that 0 < bk ≤ 1, and let α be a positive real number. Then
1
n
n∑
k=1
bk − α
1+ bk ≥
G− α
1+ G , (2)
where G is the geometric mean of b1, b2, . . . , bn.
Proof. For all k, 1 ≤ k ≤ n, let us denote xk = ln bk. We have xk ≤ 0. Define f : [−∞, 0] → R by f (x) = ex−α1+ex . Since
f ′(x) = (α+1)ex
(1+ex)2 and f
′′(x) = (α+1)ex(1−ex)
(1+ex)3 ≥ 0 then f is convex, and applying Jensen’s inequality, yields
1
n
n∑
k=1
exk − α
1+ exk ≥
eA − α
1+ eA ,
where A represents the arithmetic mean of the xk. In terms of bk the preceding inequality becomes
1
n
n∑
k=1
bk − α
1+ bk ≥
G− α
1+ G .
This completes the proof. 
Before proving Theorem 2 we will consider two immediate consequences of Lemma 3.
Corollary 4. Let 0 < ak ≤ 1/2, 1 ≤ k ≤ n. Then
n∑
k=1
ak ≥
(
n∏
k=1
ak
1− ak
)1/n n∑
k=1
(1− ak). (3)
Proof. Setting α = G in Lemma 3 yields ∑nk=1 bk1+bk ≥ G∑nk=1 11+bk . If we set ak = bk1+bk , then 0 < ak ≤ 1/2 and
1− ak = 11+bk , and the above inequality becomes
n∑
k=1
ak ≥ G
n∑
k=1
(1− ak).
From the preceding, bk = ak1−ak and
G =
(
n∏
k=1
bk
)1/n
=
(
n∏
k=1
ak
1− ak
)1/n
,
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from which (3) follows. Note that (3) can be rearranged to get(
n∏
k=1
ak
1− ak
)1/n
≤
n∑
k=1
(1− ak)
/( n∑
k=1
ak
)
,
form which equality (1) follows. 
Carrying out the foregoing procedure, new inequalities related to (1) can be easily obtained. In the following, two of them
are presented.
Corollary 5. Let 0 < ak ≤ 1/2, 1 ≤ k ≤ n. Then
1
n
n∑
k=1
1− ak
ak
≥
n∑
k=1
(1− ak)
/( n∑
k=1
ak
)
.
Proof. Setting α = M−1 = H , the harmonic mean of b1, b2, . . . , bn, in (2) yields
1
n
n∑
k=1
bk − H
1+ bk ≥
G− H
1+ G ≥ 0.
From the preceding we get
n∑
k=1
ak ≥
(
n
n∑
k=1
(1− ak)
)/( n∑
k=1
1− ak
ak
)
,
from which the statement follows. 
Proof of Theorem 2. (a) The case when p = 0 was proved in Lemma 3. For p < 0 it suffices to see that
G− α
1+ G ≥
Mp − α
1+Mp .
Indeed, sinceMp is an increasing function for all p ≤ 0, as is well known, it immediately follows that G(1+α) ≥ Mp(1+α)
or equivalently G− αMp ≥ Mp − αG, from which we get
(G− α)(1+Mp) ≥ (Mp − α)(1+ G),
and the inequality claimed is proven.
(b) To prove the case when p > 0, we will see that
1
n
n∑
k=1
bk − α
1+ bk ≤
G− α
1+ G ≤
Mp − α
1+Mp .
Since the function f (x) = ex−α1+ex is concave in [0,+∞), then setting xk = ln bk ≥ 0, and applying Jensen’s inequality again,
we get
1
n
n∑
k=1
exk − α
1+ exk ≤
eA − α
1+ eA ,
where A represents the arithmetic mean of the xk. In terms of bk the preceding inequality becomes
1
n
n∑
k=1
bk − α
1+ bk ≤
G− α
1+ G ,
where G represents the geometric mean of the bk. Now, it is easy to see that
G− α
1+ G ≤
Mp − α
1+Mp
and this completes the proof. 
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Applying part (b) of the preceding result, we get:
Corollary 6. Let 0 < ak ≤ 1/2, 1 ≤ k ≤ n, be real numbers, then for all p > 0, holds
1
n
n∑
k=1
(
1− ak
ak
)p
≥
[(
n∑
k=1
(1− ak)
)/( n∑
k=1
ak
)]p
.
Proof. Set bk = 1−akak and α = Mp in (b). We have, for all p > 0,
n∑
k=1
(1− ak) ≤ Mp
n∑
k=1
ak
and the statement follows. 
Notice that we can continue carrying out this procedure using decreasing values of p < 0 or increasing values of p > 0
to obtain new inequalities related to Ky Fan’s result. Now by setting Mp = M−∞, where M−∞ = min1≤k≤n{bk} or setting
Mp = M∞, whereM∞ = max1≤k≤n{bk} it immediately follows the predictable result:
Corollary 7. Let 0 < ak ≤ 1/2, 1 ≤ k ≤ n, be real numbers. Then
(a)
(
n∑
k=1
ak
)/( n∑
k=1
(1− ak)
)
≥ min
1≤k≤n
{
ak
1− ak
}
,
(b)
(
n∑
k=1
1− ak
)/( n∑
k=1
ak
)
≤ max
1≤k≤n
{
1− ak
ak
}
.
3. Related results
In the following, applying the results of the previous section, new related results are obtained. More precisely, three
new inequalities are derived: (1) by combining previous results, (2) using the CBS inequality, and (3) with the aid of Tiberiu
Popoviciu inequality [11].
Theorem 8. Let 0 < ak ≤ 1/2, 1 ≤ k ≤ n, be real numbers. Then
(a)
1
2
( n∏
k=1
1− ak
ak
)1/n
+ 1
n
n∑
k=1
1− ak
ak
 ≥ ( n∑
k=1
(1− ak)
)/( n∑
k=1
ak
)
,
(b)
(
n∏
k=1
1− ak
ak
)1/n (
1
n
n∑
k=1
1− ak
ak
)
≥
[(
n∑
k=1
(1− ak)
)/( n∑
k=1
ak
)]2
.
Proof. From Corollary 5, we have that if 0 < ak ≤ 1/2, 1 ≤ k ≤ n, then(
n∑
k=1
(1− ak)
)/( n∑
k=1
ak
)
≤ 1
n
n∑
k=1
1− ak
ak
,
and from (1), we get(
n∑
k=1
(1− ak)
)/( n∑
k=1
ak
)
≤
(
n∏
k=1
1− ak
ak
)1/n
.
Adding the preceding inequalities, (a) follows, and multiplying them, we get (b). This completes the proof. 
Now, using the CBS inequality, we give another result related to (1).
Theorem 9. Let 0 < ak ≤ 1/2, 1 ≤ k ≤ n, be real numbers. Then
n∑
k=1
1− ak
a2k
≥
(
n∑
k=1
(1− ak)
)/(
1
n
n∑
k=1
ak
)2
.
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Proof. Setting Eu = (√1− a1, . . . ,√1− an) and Ev =
(√
1−a1
a1
, . . . ,
√
1−an
an
)
in the Cauchy–Buniakowski–Schwarz
inequality, we obtain(
n∑
k=1
(1− ak)
)(
n∑
k=1
1− ak
a2k
)
≥
(
n∑
k=1
1− ak
ak
)2
,
and taking into account that by Corollary 5(
n∑
k=1
1− ak
ak
)2
≥
(
n∑
k=1
(1− ak)
)2/(
1
n
n∑
k=1
ak
)2
,
we have(
n∑
k=1
(1− ak)
)(
n∑
k=1
1− ak
a2k
)
≥
(
n∑
k=1
(1− ak)
)2/(
1
n
n∑
k=1
ak
)2
.
After simplification, we get the inequality claimed. Notice that equality holds when ak = 1/2, 1 ≤ k ≤ n, and the proof is
complete. 
We close this section with the following.
Theorem 10. Let 0 < ak ≤ 1/2, 1 ≤ k ≤ n, be real numbers. Then(
n∑
k=1
(1− ak)
)
≤
(
n∏
k=1
1− ak
ak
)1/n ( n∑
k=1
ak
)
+
(n
2
)
max
1≤i<j≤n

(√
1− ai
ai
−
√
1− aj
aj
)2
(
1
n
n∑
k=1
1
ak
)−1
.
Proof. Setting α = G andMp = A into part (b) of Theorem 2, we have
1
n
n∑
k=1
bk
1+ bk ≤
G
n
n∑
k=1
1
1+ bk +
A− G
1+ A . (4)
Applying the generalized T. Popoviciu inequality, namely∑
1≤i<j≤n
[
f (xi)+ f (xj)− 2f
(
xi + xj
2
)]
≥
n∑
i=1
f (xi)− nf
(
1
n
n∑
i=1
xi
)
to the convex function f (x) = bx, (b 6= 1)we get∑
1≤i<j≤n
[
bxi + bxj − 2b xi+xj2
]
≥ bx1 + bx2 + · · · + bxn − nb x1+x2+···+xnn .
Setting bxi = bi for 1 ≤ i ≤ n yields
A− G = 1
n
n∑
k=1
bk −
n∏
k=1
b1/nk ≤
1
n
∑
1≤i<j≤n
(
√
bi −
√
bj)2
≤ 1
n
(n
2
)
max
1≤i<j≤n
{
(
√
bi −
√
bj)2
}
.
Taking into account that bk = 1−akak , 1 ≤ k ≤ n, and substituting the preceding into (4), the statement follows and the proof
is complete. 
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